Submitted to "IEEE/ACM Transactions on Networking" in August 2002 



Correction to Low and Lapsley's article " Optimization 
Flow Control, I: Basic Algorithm and Convergence" 

Andrzej Karbowski 
NASK (Research and Academic Computer Network), 

ill. Wwozowa 18, 
02-796 Warsaw, Poland, 
E-mail: A.Karbowski@ia.pw.edu.pl 



Abstract 

In the note an error in Low and Lapsley's article Q is pointed out. Because 
of this error the proof of the Theorem 2 presented in the article is incomplete and 
some assessments are wrong. In the second part of the note the author proposes a 
correction to this proof. 
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1 Error in the proof of the Theorem 2 

The last passage in the assessment (29) on the page 873 (the proof of Lemma 6), namely 
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is incorrect. Low and Lapsley justify it: "where the last inequality holds because the convex 
function ^ f yf + z 2 — £V ^2; attains a unique minimum over {(j/j, 2) | > 0, z > 0} at 
the origin. " 

But this is not true. It is sufficient to take dimy = 5 and y = [5, 4, 3, 4, 5], z — 10. The 
considered function takes the value —19. 

It is so, because the Hessian of this function has the form (taking: x = [y±, y 2 , ■ ■ ■ , z\')\ 
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and its characteristic polynomial (e.g. calculated from the Schur's formula: for A : n x n; 
D : m x m, B T ,C : m x n; det([A, B; C, D}) = det(A) ■ det(D — CA~ l B) ) will be: 



det(H - XI) = (2 - A)™ (A - 4A + 4 - n 
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where n = dim?/. In this way we will have eigenvalues: Aj = 2, i = 1, ... ,n — 1 and 
A n ,n+i = 2 ± ^fn. This means, that for n > 4 there will be one negative eigenvalue and 
the function will not be convex. 



2 Correction to the proof of the Theorem 2 

The mentioned passage in the assessment (29) in |l| (here ineq. ([[])) should be changed. 
The changes are based on a very simple assessment: 

Vy h zeR ( Vi - zf = y\ - 2 Vi z + z 2 > (4) 

From which after elementary operations we get: 

V* < (5) 

Let us apply the assessment (||) to all elements of a finite set of real numbers {yi,i G I}, 
where I is a set of integer indices, and sum up both sides of these inequalities over all 
ie/. We will obtain: 
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where / is the number of elements of the set I. We will use the assessment (0) to transform 
the first part of assessment (p]). In particular, owing to (^|), for the last component of the 

right hand side we will have: 

t-i ^ t-i 

E ik(on-iK(t)ii<-[t-i-(t-2to) + i]-ii7r(t)n 2 +- e iwoir= 

t'=t-2t t'=t-2t 



t'=t-2t 



Let us notice that: 
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So, for the value of X^'=t-2t 
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7r(t')|| • ||7r(t)|| we will have the following assessment: 
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The correct form of the assessment (29) in the article will be then: 

D{p(t+l))<D(p(t))-(--A 1 )\\7r(t)\\ 2 



(10) 



7 



t-i 



+m e iwoiiii* 

t'=t-2to 



< D(p(t)) 



7 



a i won 5 



= D(p(t)) - 
That is: 
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Now, applying this inequality recursively to all D(j>(t)), t = t, t— 1, . . . , 1, taking n(t) = 
for t < 0, we will get the following total assessment which replaces wrong assessment (30) 
in the article Iff]: 
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Let us notice, that under the assumption that 7v(t) = for t < 0: 
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Putting (0) into (pD we finally get: 
D(p(t + l))<D(p(0)) 
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That is: 
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